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Abstract. Let f2 C C n be a bounded smooth pseudoconvex domain. We show that com- 
pactness of the complex Green operator G q on (0, q , )-forms on bVL implies compactness of 
the 9-Neumann operator N q on J7. We prove that ifl < q < n — 2 and bil satisfies (P q ) and 
(P n _ g _x), then G q is a compact operator (and so is G„_i_ g ). Our method relies on a jump 
type formula to represent forms on the boundary, and we prove an auxiliary compactness 
result for an 'annulus' between two pseudoconvex domains. Our results, combined with the 
known characterization of compactness in the <9-Neumann problem on locally convexifiablc 
domains, yield the corresponding characterization of compactness of the complex Green 
operator(s) on these domains. 



1. Introduction and Results 



Let Q C C n be a bounded, smooth pseudoconvex domain. The Cauchy-Riemann operator 
d is a closed, densely defined operator mapping L 2 Q g\(P) — > L 2 Q q+1 \(Q) and satisfying 8=0. 

The associated complex is the d, or Dolbeault, complex. Let 3* be the L 2 -adjoint of 3, and 
□ = 3*3 + 33*, the <9-Neumann Laplacian. When Q is pseudoconvex, and 1 < q < n, □ 
acting on Dom(D) C L 2 0q ^(Q) is invertible with a bounded inverse N q . This inverse is called 
the <9-Neumann operator. We refer the reader to [HI HJ El [131 [30j for background on the 
9-Neumann problem and its L 2 -Sobolev theory. 

On bQ, 3 induces the tangential Cauchy-Riemann operator db- Kohn and Rossi introduced 
the db complex in an effort to understand the holomorphic extension of Ci?-functions from the 
boundaries of complex manifolds [20]. Let 3b be the L 2 -adjoint of 3b, and □& = 3b3b + 30b, 
the Kohn Laplacian. When < q < n — 1, is invertible (on (kerc^)^ when q = 0, and 
on (ker 3b) 1 - in the case q = n — 1) with inverse G q . G q is the complex Green operator. In 
particular, db, d b , and D b have closed range. Details may be found in [271 121 EH IE]- The 
regularity and mapping properties of 3b are well understood when Q is of finite type and 
satisfies the condition that all eigenvalues of the Levi form are comparable. In this case, 
optimal subelliptic estimates (so called maximal estimates) were shown in [16J. This work 
unifies earlier work for strictly pseudoconvex domains and for domains of finite type in C 2 . 
We refer the reader to [12] for references to this earlier work and further discussion. For 
general domains, it is known that subellipticity of G q implies finite type [TO1 [T7]. Global 
regularity, in the sense of preservation of Sobolev spaces, holds when Q admits a defining 
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function that is plurisubharmonic at points of the boundary ([3]). A defining function is 
called plurisubharmonic at the boundary when its complex Hessian at points of the boundary 
is positive semidefinite in all directions. For example, all convex domains admit such defining 
functions. 

The question we address in this article is that of compactness of the complex Green 
operator, and, to some extent, its relationship to compactness of the d- Neumann operator. 
The results discussed above notwithstanding, the regularity results for db do not always 
parallel those for d. The reason is that there is a symmetry in the form levels for db with 
respect to compactness and subellipticity that is absent for d. This phenomenon was pointed 
out by Koenig ([17], p. 289). He associates to a g-form u on bQ an (n — 1 — g)-form u 

(through a modified Hodge-* construction) such that ||w|| ~ ||€t|| , dbU = (—l) q (d b u), and 

d h u = (—l) q+1 (dbu), modulo terms that are 0(||w||). Consequently, a subelliptic estimate 
or a compactness estimate holds for g-forms if and only if the corresponding estimate holds 
for (n — 1 — g)-forms. In view of the characterization of subellipticity in terms of finite type 
0, [7J , and of compactness of N q on convex domains by the absence of g-dimensional varieties 
from the boundary ([12]). such a symmetry between form levels is manifestly absent in the 
<9-Neumann problem. (The analogous construction performed for forms on Q yields a u that 
in general is not in the domain of d .) At one point, we will actually need a version of the 
tilde operators that intertwines db and d b without 0-th order error terms; we discuss such a 
construction in an appendix (section [5]). 

Our results are as follows. First, we prove the analogue for compactness of the fact that 
subellipticity of G q implies subellipticity of N q ( [TQl E7J). It is worthwhile to note that our 
method provides, in the case of boundaries of smooth pseudoconvex domains in C n , a new 
proof of this result as well, compare Remark 12.11 below. 

Theorem 1.1. Let Q C C n be a bounded pseudoconvex domain with smooth boundary. Let 
1 < q < n — 2. // the complex Green operator G q is a compact operator on L^^bfl), then 
the d-Neumann operator N q is a compact operator on L^ ^ (Q) . 

Theorem 11.11 is proved in Section [2j Our strategy is simple. Because D q = d*d + dd* 
acts componentwise as (a constant multiple of) the real Laplacian, the L 2 -norm of a form 
u G dom(<9) fl dom(<9*) is controlled by ||<9w|| + ||<9*w|| plus the (— l/2)-norm of the trace on 
the boundary. To the tangential part of this trace, one applies the compactness estimate 
from the assumption in the theorem, estimating the norms of dbUt an and of d b Ut an via trace 
theorems (here u ta n denotes the tangential part of u\ taking the tangential part 'loses' the 
normal component of the form, but this component is benign). In order to avoid various 
issues related to trace theorems, we actually work in W^ 0q ^(Q), rather than in L^ 0q ^(Q). Our 
arguments involve (as usual) absorbing terms, and since N q is not a priori known to preserve 
W? Q 9 )(^), we use elliptic regularization to ensure finiteness of the terms to be absorbed. We 
thus obtain compactness of N q ('only') on W? However, as pointed out in [T5], because 



N q is self-adjoint in L 2 0q Jft), compactness in W? Qq \(£l) implies compactness in L2 Q Jti), by 
a general principle from functional analysis. 

Remark 1.2. In view of the symmetry for db and its absence for d, discussed above, The- 
orem 11.11 implies in particular that compactness or subellipticity of N q need not imply the 
corresponding property for G q when q > (n — l)/2. Of course, the appropriate question 
becomes whether such an implication holds when compactness or subellipticity is assumed 
for the <9-Neumann operator at levels q and (n — 1 — q). As far as the authors know, this is 
open for both compactness and subellipticity. 

Next, we show that Catlin's classical sufficient condition for compactness in the <9-Neumann 
problem ([S]), imposed on symmetric form levels (this is essentially dictated by the dis- 
cussion above), is also sufficient for compactness of the complex Green operator. Let 
I q = {J = (ji, . . . , j q ) G N 9 : 1 < ji < ■ ■ ■ < j q < n} and A^'^ be the space of (0, g)-forms 
at z equipped with the standard Hermitian metric | Y^jex U J dzj\ 2 = J2jei q \ u j\ 2 - When 
the g-tuple J X q , uj is defined in the usual manner by antisymmetry. For a C 2 -function 
A(z) defined in a neighborhood of z, define 



Definition 1.3. bQ satisfies (P q ) if for all M > 0, there exists Um ^ bQ, Aju G C 2 (Um) so 
that for all z G Um and w G A^' q ^ 



(2) can be reformulated in two equivalent ways (by standard facts from (multi)linear 
algebra): (a) the sum of any q (equivalently: the smallest q) eigenvalues of (d 2 \m / dzjdzk) jk 
is at least M; (b) on any affine subspace of complex dimension q (provided with the inner 
product from C"), the (real) Laplacian of Am is at least M. For (a) this can be seen most 
easily by working in an orthonormal basis that consists of eigenvectors of (0 2 \m /dzjd~z~k)jk- 
This also gives that (b) implies (2). That (2) implies (b) is an application of the Schur 
majorization theorem ([IS], Theorem 4.3.26), to the effect that the sum of any q diagonal 
elements of a Hermitian matrix is at least equal to the sum of the q smallest eigenvalues. 
Note that if the sum of the smallest q eigenvalues is at least M, then so is the sum of the 
smallest (q + 1) (since the additional eigenvalue is necessarily nonnegative). That is, (P q ) 
implies (P q +i) (but not vice versa). Sibony ([28]) studied (P q ) from the point of view of 
Choquet theory for the cone of functions A with H q [A] > (actually only for q — 1, but his 
arguments work essentially verbatim for q > 1, see [13J). This work provides in particular 
examples of domains with 'big' (say of positive measure) sets of points of infinite type in the 
boundary, whose <9-Neumann and complex Green operators are nevertheless compact. 

Theorem 1.4. Let Q C C n be a pseudoconvex domain with C°° boundary and 1 < q < n — 2. 
IfbQ satisfies (P q ) and (P n _i_ 9 ) (equivalently: (P q ), where q = min{g, n — 1 — q}), then G q 
and Gn-i-g are compact operators on L 2 JbQ) and L 2 n _ 1 _ JbQ) , respectively. 




(1) < X M (z) < 1, 

(2) H q [X](z,w) >M\w(z)\ 2 . 
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We prove Theorem 11.41 in Section HI It suffices to produce compact solution operators for 
db- To do so, we follow Shaw (|27j) in representing a <9&-closed form u on the boundary as the 
difference of two <9-closed forms, a~ on Q and a + on the complement: u = a + — a~ . Then, 
roughly speaking, (P q ) lets us solve the equation d(3~ = a~ on Q, with suitable compactness 
estimates, while (P n -i- q ) lets us do the same for df3 + = a + on an appropriate 'annular' 
region surrounding Q. That the latter can be done follows essentially from work of Shaw in 
[26] . The details are given in Section 131 (Proposition [37TT) . We mention that in [23], McNeal 
has introduced a condition called (P q ) which is implied by (P q ) and which is sufficient for 
compactness of N q . Whether (P q ) can take the place of (P q ) in Theorem 11.41 is open. This 
has to do with the fact that the exact relationship between (P), (P), and compactness is 
not understood. However, (P) and (P) are known to be equivalent on locally convexifiable 
domains (see the discussion in |30j), so that in our next result, (P) can take the place of (P). 

Theorem ll.lt Theorem 11.41 and work of Fu and Straube [121 [32] immediately allow us to 
characterize compactness of the complex Green operator on smooth bounded locally convex- 
ifiable domains. We say that a domain is locally convexifiable if for every boundary point 
there is a neighborhood, and a biholomorphic map defined on this neighborhood, that takes 
the intersection of the domain with the neighborhood onto a convex domain. 

Theorem 1.5. Let Q C C n be a smooth bounded locally convexifiable domain, and let 1 < 
q < n — 2. Then the following are equivalent: 

(i) The complex Green operator G q is compact. 

{ii) Both G q and G n -\- q are compact. 

[Hi) The d-Neumann operators N q and N n ^\^ q are compact. 

(iv) bQ satisfies both (P q ) and (P n _i_ 9 ). 

(v ) bQ does not contain (germs of) complex varieties of dimension q nor of dimension (n — 
l-q). 

Proof. On a locally convexifiable domain, compactness of N q is equivalent to each of (iv) and 
(v), at level q ([121 E33])- In particular, (in), (iv), and (v) are equivalent on these domains, 
and by Theorem II A\ they imply (ii). (i) and (ii) are equivalent by the symmetry in the 
form levels for d^. By Theorem 11.11 . (ii) implies (Hi). □ 

In Theorems 11.41 and 11.51 we assume 1 < q < n — 2, thus excluding the endpoints q = 
and q = (n — 1). Formally, this restriction arises because if q = or q = (n — 1), then 
min{g, n — 1 — q} = 0, and it is not clear what an appropriate interpretation of (Pq) should 
be. This is analogous to the situation in the interior. However, N = d N^d = d Ni(d Ni)* 
([5], Theorem 4.4.3.), and compactness of Ni implies that of N . (Pi) therefore is a sufficient 
condition for compactness of N . This situation persists on the boundary. Let n > 3 and 
assume bQ satisfies (Pi), and hence (P n -2)- Then G\ and G n -2 are compact, by Theorem 
11.41 In turn, this implies that both Go and G n -\ are compact, by formulas analogous to the 
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one quoted above for N . That is, (Pi) is a sufficient condition for compactness of G and 

Gn-l- 

Acknowledgment: We are indebted to Ken Koenig for pointing out the observation 
in his paper [T7] of the symmetry in form levels for db with regard to compactness and 
subellipticity. He also found some oversights and inaccuracies in an earlier version of this 
manuscript. 

2. Proof of Theorem 11.11 

Let W S (U) be the usual Sobolev space of order s on U (U may be an open subset of C n or 
of bQ) and let W* Qq j(U) be space of (0, g)-forms with coefficients in W S {U). We first express 
compactness of G q in the usual way in terms of a family of estimates. Let s > 0. Then for 
any e > 0, there exists C e > so that 

(1) IMIw^&n) < + ||96ii||w»(w2)) + CelMlw-^&n) , 

for all u G dom(<9;,) fl dom(d* b ) when 1 < q < [n — 2). When q = (n — 1), we assume 
that u _L ker(c^) (equivalently u G lm(db)). When s — 0, t^j is the standard compactness 
estimate that is equivalent to compactness of G q ; the proof is the same as that for the 
corresponding statement concerning the <9-Neumann operator (see for example [32] , Lemma 
1.1). This remark applies likewise to lifting the estimate to higher Sobolev norms. 

The main a priori estimate to be proved is as follows: for all e > 0, there exists C t > so 
that if u G Dom(«9*) n W^ q) (fl), Bu G W^ q+1) (Q), and B*u G W^^Q), then 

(2) ||«||w 2 (fi) < t{\\du\\ W 2 {n) + \\B*u\\ W 2 {n) ) + C e \\u\\ w i(p) . 

Fix a defining function p for Q, so that | Vp| = 1 near bQ (i.e. take p to agree with the signed 
boundary distance near bQ). We first estimate the normal component of u = Xljex u -jd~zj G 

W (o, q )(ty n dom(<9 ). This component is given by u norm = Y%=iJ2Kex q _ 1 (dp/d z j) u jKdzK, 
and its trace on bfl vanishes. Because dd + dd acts coefficientwise as a constant multiple of 
the (real) Laplacian, we obtain 

(3) ||Wnorm||w/ 2 (n) < 1 1 Au norm || £2(q) 

< C( || Bu\\ w i in} + \\B*u\\ w i(p) + \\u\\ w i(p)) 

< e(\\Bu\\ W 2 {n) + \\B*u\\ W 2 {n) ) + C e \\u\\ w i(n) ; 

it is assumed that u is as in Theorem 1 1.1[ The last inequality in ([3]) comes from interpolating 
Sobolev norms (||/||^i(n) < s\\f\\w 2 {n) + C e \\f\\ L 2 {n) ). Similarly, we have that u norm G 

wVuOn) and 

(4) ||Wnorm||w/ 3 (C) < 1 1 All norm \ | jyl (fi) < C (\\Bu\\]y2^ + \\B*u\\ W 2 (U) + || u\\ W 2 (n)) ■ 

01]) is important because it implies that ||<9w n0 rm|| w 2 (Q) and \\d u norm \\w 2 (n) are also domi- 
nated by the right hand side of (jl]). (Note that u norm has vanishing trace on the boundary, so 
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it is in dom((9 ).) Then so are ||<9w t an||w/ 2 (c) and \\d u ta n\\w 2 (n), where w 4an = u-(dpAu norm ) 
is the tangential part of u. As a result, it now only remains to establish ([2]) for Ut an . 

Let e > 0. As in (j3J), we have 

(5) ||iw||ty 2 (n) ~ || Au ian ||i2(^) + ||lttan|| w 3 / 2 ^) 

^ ( II^Mtan || W 1 ^) + H^WtanlllV 1 ^)) + 1 1 Utan || W 3 / 2 (M2) 

< e(||<9w ian ||vi/ 2 (n) + ||<9*M tan ||vF 2 (n)) + C e ||w to J|vKl(fi) + H M ian||vK 3 / 2 (M3) • 

We are going to apply ([T]) to the last term on the right hand side of Note that by 
definition, db(u ta n\bn) is the trace of du tan , projected onto the tangential (q + l)-forms. 
Because u tan is tangential near the boundary, d b (u ta n\bfi) equals the trace of d u tan on the 
boundary, modulo a term of order zero (i.e. involving no derivatives of Ut an )- Therefore, 
with s = 3/2 in (CQ), 

(6) ||«tan||w 3 / 2 (M7) < e(\\db(u t an) || W 3 / 2 (bQ) + \\db{u t 

an ) || Vy 3 / 2 (bf2) )+Ce\\ 
< 6[\\du tan ||^3/2(6f2) + ll^* U tan||w/3/2( 6 Q) + 1 1 U tan \\ W' A I 2 (bCl)) + Ce \\Utan \\ WV2(&fi) 

< e ( || du tan || w 2 (Q) + || d*U tan \ \ w 2 (Q) + ||^an||w 2 (n)) + Ce|| ""tan 1 1 wi(n) . 

Putting (E]) into the right hand side of (jSJ) (for ||u ian || w 3 /*(bci)) an d absorbing e||«i an || w 2 {n) 
gives ([2D for u tan . With this, by what was said above, (j2J) is established for «. 

Because 02]) is only an a priori estimate, and N q u is not (yet) known to be in W? 0q \(£l) 
for u G W? 0q Jfl), we work first with the regularized operators Ns iQ , < 8 < 1, arising 
from elliptic regularization ([IT]. 2.3, [31], 12.5). inverts (in L^^^fl)) the operator D^, 
the unique self-adjoint operator associated to the quadratic form Qs(u,v) = (du,dv) L 2^ + 
(d u,d t>).L 2 (n) + ^(Vm, Vf )L 2 (n), with form domain W^^Q) H dom(<9 ). Equivalently: for 
u G L 2 ^ q) (Q), v G W^ 0q) (Q) n dom(d*), (u,v) L 2^ n) = Q s (N s , q u,v). Note that for u G 
dom(D 5i g), 

(7) D s>q u = ((-1/4) + 5)Au , 

where A acts coefficientwise. (Nonetheless, \3s,q is not a multiple of O q ; the domain has 
changed.) Qs(u,u) is coercive (it dominates ||w|| wi{n)), and consequently Ns tq gains two 
derivatives in Sobolev norms (see e.g. [31], 12.5). In particular, when u G C^Jft), then so 
is N s>q u. 

We now claim that the N$ jq are compact on W 2 Qq ~j(Q), 'uniformly' in 5 > 0. That is, we 
claim the following uniform compactness estimate: for every e > 0, there exists a constant 
C e such that for u G W? q Jtt) and < 5 < 1, 

(8) ll^,g M llvK 2 (n) — e ll M llvK 2 (n) + Ce||w||^2( n ) • 

(This type of estimate is equivalent to compactness, compare [23], Lemma 2.1; [9], Proposi- 
tion V.2.3.) Because C^(f2) is dense in W^ 0q ^(D.) (and Ng tq is continuous in W 2 0q ^(il)), it 

6 



suffices to establish (jSJ) for u G C^ q ) (^) • So let w G C(o g ) (^) • In the following estimates, all 
constants will be uniform in 5. We first apply (T5]) to N^ q u: 

(9) \\Ns, q u\\ W 2 {Q) < e(\\dNs :q u\\ W 2 {n) + \\d* N Stg u\\w^n)) + C £ \\N S) qu\\ w i {n) . 

Interpolating Sobolev norms, using that Ns tQ is bounded in L 2 0q ^(Q) with a bound that is 
uniform in S, and absorbing sHiV^C/H^/m, ([9]) gives 

(10) ll^ffWllw 3 ^) < £(\\dN 5) gu\\ W 2 (n) + \\d* N s>q u\\ W 2^) + C e \\u\\ L 2 {n) . 

The estimate ||9A^ g M|| w 2 (n) + \\9 N q u\\w^(n) ^ ||A^u||w2(q) + ||it||v^2(Q) is standard; we next 
show that it remains valid for the regularized operators Ns tQ , with constants uniform in S. 
This is known, but somewhat hard to pinpoint in the literature. 

By interior elliptic regularity (uniform in 5 > 0, in view of (CO)) (and interpolation of 
Sobolev norms), we can estimate e^diV^-ul^^) + 1|<9 Ns, q u\\w 2 (u)) by the right hand side of 
dH]) for any relatively compact subdomain U of Q. As a result, it suffices to estimate ipdN^ q u 
and ipd Ns^u for a smooth cutoff function compactly supported in a special boundary chart. 
We will also let differential operators act coefficientwise in the associated special boundary 
frame. Then, a tangential derivative will preserve the domain of d . (For information on 
special boundary charts and frames, the reader may consult [TT] or [8].) We denote by Vy 
the gradient with respect to the tangential variables and by djdv the normal derivative. 

For the tangential derivatives, we have 

(11) ||V^9JVj,,u||ia(n) + W^TPd* N s , g u\\l2 in) 

< hdV 2 T N s>q uf L 2 {n) + \\<f^V 2 T N S)q u\\l 2(n) + ||iVi, g u||^2 (n) 
< Qs(V 2 T N s>q uy 2 T N s , q u) + ||i\Vi||^2 (n) 
< \(V 2 T u, V 2 T N Sjq u)\ + ||AMI^(n) 

< II AT II 2 1 1 II 2 

~ ll iv <W"'llw 2 (fi) + ll u llw 2 (n) • 

Here, constants are allowed to depend on ip (but not on 5). We have used the estimate 
Qs{V 2 T N s%q u,V 2 T N s , q u) < \(V 2 T u,V 2 T N s , q u)\ + \\N 5 , 

q u \\\v 2 (n)i which follows from [19] . Lemma 
3.1, [IT] . Lemma 2.4.2 . In the case at hand, it can be established by the usual procedure: 
repeated integration by parts and commuting operators as necessary to make terms of the 
form Qs(Ns :q u,v) = (u,v) appear. 

We now come to the normal derivatives. Expressing the real Laplacian in the coordinates 
of the special boundary chart gives 



(12) 



d 2 v 2 ( 

l < C q>n [\\Av\\ 2 L 2 in) + ||v||^i (n) + HV T v||£a(n) 



dv 2 



Note that || A(pdNs, q u\\ 2 L2(n) « \\(pdAN Sjq u\\ 2 L2{n) + \\dNs !q u\\ w i {n) < ||tt||^i (n) + \\N s , q u\\w*(n), 
in view of ([7]). There is a similar estimate for the Laplacian of ipd*Ns tq u. Applying f[T2|) to 
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(fdNs^gU and (pd*N$ tq u respectively, and using fill I) for the V 2 - terms now shows that 



(13) 



d 2 {ydN & , q u) 2 d 2 (ipd*N 5:g u 



dv 2 



+ 

L 2 (H) 



dv 2 
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Concerning the L 2 -norms of the mixed derivatives, we note that they are dominated by the 
L 2 -norms of the pure derivatives Q22J, Theorem 7.4), and therefore by the right hand sides 
of pip and ([TBI . (We remark that using this fact is merely a convenience, not a necessity; 
normal derivatives can be expressed in terms of tangential ones, d, and terms of order 
zero.) Together with (fTUI) . (jTT|) . and (|T3|) . this gives (via a partition of unity subordinate to 
a cover of the boundary by special boundary charts, and summing over the charts plus a 
compactly supported term) 

(14) ll^qMH^^) < e(\\N S)q u\\ W 2( n) + IHIv^)) + C £ ||u|| L 2 (n) , 

where the family C £ has been rescaled. After absorbing eUA^^uH^m), f fT4l) gives ([8]) (first 
for e less than 1/2, say; but that is sufficient). 

Because the constant C e in ([S]) is independent of S, we can let 5 tend to zero and obtain 
(JHD with N q u. Indeed, if u G W^^Q), then {N Stq u :0<5<l}isa bounded set in 
W 2 0q ^(Q). So there exists a sequence 5 n — > and u G W 2 Qq ^{VL) so that N$ nA u — > w weakly 
in W^q^O). One easily checks that u G dom(<9*). Also, if v G W^^fi) n Dom(<9*), then 
lim^oo Q 5n (N 5n:q u,v) = Q(u,v). However, Q 5n (N 5n:q u,v) = (u,v) = Q(N q u,v). Thus, 
Q(u,v) = Q(N q u,v) for all v G WL q JQ) fl dom(<9*), whence w = N q u (since W^^fi) n 

dom(<9*) is dense in dom(<9) fl dom(<9*) with respect to the graph norm induced by Q). 
Consequently, N q u is in W 2 g )(^) and satisfies ([8]), and so is a compact operator on W 2 g )(^). 

It remains to be seen that N q is compact on L 2 Qq ^(Q). This turns out to be a consequence 
of its compactness on W 2 0q ^(Q) and a general fact from functional analysis which we now 
state. Suppose if is a Hilbert space and B C H is a dense subspace. Assume that B is 
provided with a norm under which it is complete, and under which it embeds continuously 
into H (i.e. \\u\\h < C||m||b for u G B). Suppose T is a bounded linear operator on B which 
is symmetric with respect to the inner product induced from H: (Tu, v)h = (u, Tv)h for all 
u,v G B. If T is compact on B, then it (has a unique extension to H which) is compact 
on H. This is Corollary II from |21j . In our situation, it suffices to take H = L 2 0q ^(Q), 

B = W? 0q JQ), and T = N q , to conclude that N q is compact on L 2 0q )(r2). 
This concludes the proof of Theorem 11.11 

Remark 2.1. Our proof above, combined with [29], yields a new proof that subellipticity 
of G q implies subellipticity of N q , 1 < q < {n — 2). We give an outline. Assume G q is 
subelliptic of order 2s. Equivalently: ||w||w s (&n) < 1 1 c?6^ 1 1 z. 2 (fef^) + 1 1 ^ 1 1 z, 2 (t.o) for u G dom(<9b)n 
dom(<9 6 ). First, our arguments above can be followed almost verbatim to obtain that N q maps 
W^Jft) to W?J~*J£l). One change needed is in (the analogue of) ffTTj) : the inner product 
(V^w, V^Ngu) has to be estimated by | ( V^ii, VfJVgit) | < ||Vy«||w-s(n)||V T JVq'u||w^(Q) < 
\\u\\w 12 -°(n)\\N q u\\ W 2+s( n) < (s.c^WNqiiWlyi+s^ + (Z.c.)||u||^ 2 _ s(n) . Note that a simplification 
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occurs in that we no longer have to work with the regularized operators: N q is already known 
to be compact (by Theorem 11.11) . hence to be globally regular. That this translates into 
honest subellipticity of N q follows from arguments used in in a closely related context. 
These arguments are also based on [21J. (Very) roughly speaking, they are as follows. Denote 
by A s the standard tangential Bessel potential operators of order s (alternatively: the s-th 
power of the tangential Laplace-Beltrami operator may be used). Then N q mapping W^~ q JQ) 

(continuously) to W?^ q JQ) is equivalent to A s N q A s (we are omitting cutoff functions) being 
continuous on W? 0q \(£l). But A s N q A s is symmetric with respect to the L 2 inner product, 
and so is then also continuous in L 2 0q Jfl), by [2Tj . Theorem I. (Theorem I is considerably 
more elementary than Corollary II used above for compactness.) As a result, N q maps 
W(og)(^) continuously to Wf 0q ^(fl). By interpolation with the continuity from W?^~ q Jfl) to 
W^ q) (n), N q maps L 2 0q) (n) continuously to W^ q) (Q) (see e.g. [22], Theorem 12.4, for the 
interpolation between W~ S (Q) and W 2 ~ S (Q), negative indices require some care). 

3. Compactness of the 9-Neumann operator on an 'annulus' 

In this section we prove an auxiliary result that will be used in the proof of Theorem II. 4[ 
but which is of independent interest. If Q and Qi are two bounded pseudoconvex domains 
with Q C Q\, we call Q + := Q± \ Q an 'annulus'. The <9-Neumann problem on fl + has been 
studied in [26]. Since Q + is not pseudoconvex, ker(D g ) need not be trivial, and we let 

U q = ker(D 9 ) = {u E Dom(<9) n Dom(<9*) : du = 0, d*u = 0}, 

the harmonic (0, g)-forms. Let H q be the orthogonal projection of L 2 0q ^(Q + ) onto Ti, q . 

Proposition 3.1. Let Q + be an 'annulus' as above, with smooth boundary, let 1 < q < 
(n — 2). Assume the outer boundary of Q + satisfies (P q ), and the inner boundary satisfies 
(P n -i~ q )- Then H q is finite dimensional and N q is compact. 

We comment on the assumptions. (P n -i- q ) arises as follows. When establishing com- 
pactness of N q assuming a condition like (P) (on a pseudoconvex domain), one uses the 
Kohn-Morrey-Hormander formula, or a twisted version of it ([231 [30] )■ In the case of an 
'annulus' between two pseudoconvex domains, the part of the boundary integral from the 
inner boundary has the wrong sign (it is nonpositive instead of nonnegative), and a modi- 
fication is needed. From the work in |26j, when applied to our situation, it turns out that 
the condition needed on the Hessian of a suitable function is precisely that the sum of any 
(n — 1 — q) eigenvalues be at least M. The details follows. 

In order to state Shaw's result, we work temporarily in a special boundary chart. Let 
Li, . . . , be a (local) orthonormal basis of T^ 1,0 ^(6fi), L n the complex (unit) normal, and 
ujj the (1, 0)-form dual to Lj. For a function /, let fjk be defined by ddf = Y^j,k=i fjk u j A^t- 
Let if G C°°(fi + ), real valued, and let u = J2j^j q U J^J e C(o ^ dom(<9* ), supported in 

a special boundary chart for the inner boundary. Here, is the adjoint of d with respect 

to the weighted L 2 inner product with weight e _</3 . The computations that lead to (3.23) in 
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are valid for general weight functions, and there is the following analogue of (3.23) (this 
is made explicit in [T], Proposition 2.1): 



I b n n lb -L 

( 15 ) Y Y VjkUjKUkKe^ dV - / (y^^jj) lujfe'^dV 

KGJ q - 1 j,k=l^ n+ jgi, n+ j=l 

n „ „ n— 1 

+ Y Y PjkUjKWKe^ da-J^ (Y Pa 

K&X q ^!j,k=l Jbn J&X q JbQ j=l 



j\ 2 e~*da 

tn-l 
J'=l 

<C(||5u||J + ||^ti||J + ||ti||J) , 

where 5j = e^Lje'^, p is a defining function for and C is independent of <p. Denote by 
1' q the set of strictly increasing g-tuples that do not contain n. In the second line of ( fl5l) . 
the sums are effectively only over 1 < k, j < {n — 1), K G and J G J7"', respectively 

{u n K = on bVt] u G dom(<9 )). The integrand in this line (without the weight factor) is 

therefore 

(16) 

n— 1 n— 1 n— 1 / ^ n— 1 

X XI pj^KU^ -Y{Y Pii) \ uj \ 2 = Y Y [p^ - - ( Y p u ) 5 



jk I UjKUkK 



Q- 

This is because every \uj\ 2 can be written in precisely q ways as \ujx\ 2 - Note that the 
Hessian of p is negative semi definite on the complex tangent space at points of bQ C bQ + . 
As a result, the second line in (fl5l) is nonnegative: the right hand side equals at least \u\ 2 
times the sum of the smallest q eigenvalues of the Hermitian matrix 





j,k=l 



(this is analogous to the discussion of property (P q ) in section 1). Such a sum equals minus 
the trace Y^j=i Pjj P ms a sum °f 9 eigenvalues of (pjk)]k=ii hence is a ^ least equal to the 
negative of the sum of the largest (n—l — q) eigenvalues of ((p)jfc)?fe=i, and so is nonnegative. 
Letting the sums in the first line of fll5p run only over K G 2l_ 1; J G X' and 1 < j.k < n— 1, 
respectively, makes a mistake that involves (coefficients of) the normal component of u. 
These terms can be estimated by the right hand side of (|T5l) plus C^We'^^uW^^+y This 
follows from an argument similar to that in Q, starting with the W 1 to W~ x version of the 
first inequality in ([3]), and using interpolation of Sobolev norms to get rid of the dependence 
on if of the (first) constant. Therefore, estimate (fT5|) remains valid when the sums in the 
first line are restricted so that no normal components of u appear, and the right hand side 
is augmented by C ip \\e~ v l 2 u\\ 2 v _ i( ^ l+ y Observe that as in (TlBl) . the integrand (without the 
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weight factor e v ) in the first line in (|T5|) is then 
(17) 

n— 1 n—1 n—1 / ^ n—1 \ 

Y Y VjkUjKUkK ~ Yl ( Y ^J') l Mj ! 2 = ( ~ ~ ( V") ) U iKUkK , 

jcer^ j,Jfc=i jgx^ j=i K£L' q _ x j,k=i \ ^ 1=1 J 

where 8jk denotes the Kronecker 5. Omitting the nonnegative second and third lines from 
( TT5|1 (in its modified form), we obtain for u supported in a special boundary chart: 

n—1 „ / n—1 



18) Y Y ( ^' fc (yilnVjfc ) UjKU^e'^dV 

kgj' , 7,fc=i n+ V ^ £=1 / 



< C(II^IIJ + \\%u\\l + \\u\\l) + CJe-^ 2 u\\w- H n) ■ 
We are now ready to prove Proposition 13. 1[ 

Proof of Proposition \3. 1[ Fix M (sufficiently large) and choose a function Am G C°°(f2 + ), 
< A a/ < 1, that agrees near the inner boundary (say, in U\ flf2 + ) with —fiM, where /im is a 
function given by the definition of (P n _i_ g ), and near the outer boundary (say, on U 2 H f2 + ) 
with a function given by the definition of We claim that we have the following estimate 
(for M>M ): 

(19) \\u\\l M < ^(\\du\\l M + IIC^IID + Cm\\u\\ 2 w -^ +) ,u G dom(9) n dom(r ) , 

with a constant C that does not depend on M. Note that saying that u G dom(<9 ) is the 
same as saying that u G dom(d A ). Also, the unweighted norms and the weighted norms 
are equivalent, with bounds that are uniform in M (because < A*/ < 1). 

It suffices to establish (fT^j) for forms that are smooth up to the boundary; the density of 
these forms in dom(<9) fl dom(<9 ) does not require pseudoconvexity ([H], Proposition 2.1.1; 
[8], Lemma 4.3.2). 

Assume first that u is supported near the outer boundary, on [/ 2 H Vt + . Then ( 1I9|) fol- 
lows immediately from the Kohn-Morrey-Hormander formula Q14J, Proposition 2.1.2; [8], 
Proposition 4.3.1) and from (2) in the definition of (P q ). 

Now assume that u is similarly supported near the inner boundary, on JJ\ fl Q + . Via a 
partition of unity, we may assume that u is supported in a special boundary chart. We use 
(|T8|) with ip = Am- Note that Am = — AiM near the support of u, where \lm satisfies (1) 
and (2) in the definition of (P n _i_ ? ). At a point, the integrand on the left hand side of (|T8l) 
(without the exponential factor) is at least as big as |w| 2 times the sum of the smallest q 
eigenvalues of the Hermitian matrix 

/ l n-l 

(20) I {-iim) jk + - ( y^X^ujfijk I 
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(see again the discussion of property (P q ) in section 1). Such a sum equals the trace 
Y^tZx (i i m)u minus a sum of q eigenvalues of ((/^M)jjfe)jfc=i> hence is at least equal to the 
sum of the smallest (n—l — q) eigenvalues of ((^Af)jfc)"fc=n which in turn is at least equal to 
the sum of the smallest (n — l — q) eigenvalues of ((fJ>M)jk)jk=i (by the equivalence of (2) and 
(b), or directly by the Schur majorization theorem ([U], Theorem 4.3.26). That is, the sum 
is at least equal to the sum of the smallest (n—l — q) eigenvalues of (d 2 / '^%^fc)j,fc=i> so 
is at least equal to M. This gives (ITU1) (after absorbing the term C||w||^ and rescaling M), 
but with u on the left hand side replaced by the tangential part of u. Again, the normal 
component is under control, and as in ffl5l) . the square of its norm is estimated by the right 
hand side of ffl9|) . This proves estimate (fT9l) when u is supported near the inner boundary. 

When u has compact support in Q + , (Till follows by interior elliptic regularity of d © d x , 
with a constant C that is independent of the support (Cm depends on the support). The 
reason that C may be taken to be independent of the support is that ||<9w|| + ||d A w|| con t r °ls 
the -norm on a relatively compact subset. Since we only need to bound the L 2 -norm, we 
can interpolate between the IV 1 -norm and the W~ l -xiorm. to get the desired estimate. 

Finally, when u is general, choose a partition of unity on fl + , Xo, Xii an d X2, such that Xo 
is compactly supported in Q + , and Xi an d X2 are supported in U\ and U 2 , respectively. We 
then have (fT§l) for Xo u i Xi u i an d XiU- The right hand sides of these estimates contain terms 
where d or d x produce derivatives of the cutoff functions. However, these terms contain no 
derivatives of u, and they are compactly supported. Consequently, they can be estimated 
as in the previous paragraph. Collecting the resulting estimates establishes (}T9]) . with C 
independent of M. 

(|T9|) implies that from every sequence {uk}^ = i in dom(<9) D dom(d x ) (which equals 
dom(<9) fl dom(d*)) with ||w„||a m bounded and duk —>■ 0, d x Uk — > 0, one can extract a 
subsequence which converges in (weighted) Lj 0g ^(Q + ). It suffices to find a subsequence 
which converges in W^J£1, + ) (using that L 2 0q ^(il + ) <^-> W^ 1 ^^) is compact); ( fl9|) implies 
that such a subsequence is Cauchy (hence convergent) in L 2 0q - ) (Q + ). General Hilbert space 
theory (see [T5], Theorems 1.1.3 and 1.1.2) now gives that ker(C\x Auq ) is finite dimensional 
and that d : Lf jQ+) - ^^,(0+) and \ M : L^ q) (^) - 

^(0,9-1) (^ + ) nave c l ose d 

range. But then d : L 2 0q _^(Q + ) — > L 2 0q ^(Q + ) also has closed range (its adjoint in the 

weighted space has closed range), and consequently, so does d (acting on (0, g)-forms; this 
also follows from the formula d v = e~ d x (e XM v)). Therefore, we have the estimate 

( 21 ) IMlL 2 (n+) < \\du\\ L 2 {n+) + \\d*u\\ L 2 {n+) + \\H q u\\ L 2(n+) 

for u G dom(9)fldom(9*). This estimate implies the existence of N q as a bounded operator on 
L 2 0q j(fl + ) that inverts D q on 7i q (sec for example [26J, Lemma 3.2 and its proof). Moreover, 

the range of d : L 2 0q _ 1 s ) (Q + ) — > L 2 0q - ) (fl + ) has finite codimension in ker(<9) C L 2 0q - ) (fl + ), 
because ker(Q\ M)(? ) is finite dimensional). But the (unweighted) orthogonal complement of 
this range in ker(<9) C L 2 Q g )(^ + ) equals ker(D g ), which is therefore finite dimensional as well. 
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' C — 'MIa m + C M\\d XM Nx Auq+ ia\\ w -^ n+) 



m II 2 s^i AT II 2 

^ — \\ a \\L2(n+) + c M\\0\ M Nx M , q+ ia\\ w ~ 1 ( n+) . 



To see that N q is compact, it suffices to show compactness on Ti q (since N q is zero on 
H q ). When u G Hf, we have from flZED (since N q u G 7^-) 

(22) ||iV>|| L 2 (n+) < \\dN q u\\ L 2 {n+) + \\d*N q u\\ L 2 {Q+) = \\(d* N q+1 yu\\ L 2 {Q+) + \\d* N q u\\ L 2 {n+) . 

Therefore, we only need to show that both d N q and d N q+ i are compact. Now d N q+ ia 
gives the norm minimizing solution to dv — a when a G Im(<9) C L 2 0q+1 JQ + ), while 

d* x N\ M ^ q+ ia gives a different solution (the one that minimizes the weighted norm). For 
such a, (f!9l) therefore implies (with constants independent of M) 

(23) \\d* N q+1 a\\ 2 L2{n+) < P AM iV AMj? +iQ;||l2 (Q+) < \\K M N *M,q+i a \\l M 

M 

C_ 

~ M 

Because C is independent of M and d XM N Xhuq+ i : L^ g+1 - ) (fi + ) — > W(og)(^ + ) is compact 
(L 2 (Q + ) imbed compactly into W" 1 (ft + )), ( 1231) implies that d N q+ i is compact on Im(<9) 
([23J, Lemma 2.1, [9], Proposition V.2.3). But on the orthogonal complement of Im(<9), 
d N q+ i = 0, and so d N q+ i is compact from L 2 q+1 ^(Q + ) — > L 2 0q - ) (Q + ). To estimate d N q a, 

we cannot invoke ([T91 directly (because d N q a is a (q — l)-form), and an additional step is 
needed. We have (again for a G Im(<9) C L 2 0q ^(Q + )) 

(24) \\d* XM N XMiq a\\l M = (dd* XM N XMjq a, N Xlluq a) XM = (a, N Xlluq a) XM 

2C .. ||2 M „ 
^ INa* + 2^II JV W*|| Aw 

2C 1 — * 

^ jj^NlL + 2\\ d *M N *M« a Wlu + C M\\Nx M a\\w-i {n +) ■ 

Here we have used that da = and that a -L Xm T~i\ M , q (since a G Im(<9)) in the equality 
in the second line, the inequality \ab\ < (1/A)a 2 + Ab 2 , and ffl9l) for the last estimate. The 
middle term in the last line can now be absorbed, and combining the resulting estimate with 
||<9 -^V 9 CK||x,2(n+) — II^A A/ ^A M ,g«|||2(Q+) gives an analogue of (|23|) . The rest of the argument is 
the same as above. This completes the proof of Proposition 13.11 □ 



4. Property (P) and compactness of the complex Green operator 

In this section, we prove Theorem 11.41 We may assume that 1 < q < n — 1 — q, and we 
must show that G q is compact (by the symmetry between form levels discussed in section 
1, G n -i- q is then compact as well). For u G L 2 0q ^(bfl), we have the Hodge decomposition 

u = dbd* b G q u + d* b dbG q u ([8], Theorem 9.4.2). In particular, when d^u = 0, d* b G q u gives 
the solution of minimal L 2 -norm (the canonical solution) to the equation d b a = u. G q can 
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be expressed in terms of these canonical solution operators at levels q and q + 1 and their 
adjoints ([3], P- 1577): 

(25) G q = {dlG q Y{dlG q ) + (KG q+1 )(d* b G q+1 y . 

This formula (including the proof) is analogous to the corresponding formula for the d- 
Neumann operator ([Hl|2l])- Therefore, compactness of G q is equivalent to compactness of 
both d* b G q and d b G q+ i, and we shall prove the latter. Since projection onto the orthogonal 
complement of ker(<9&) preserves compactness, we only have to produce some solution with 
suitable estimates. 

We first consider d b G q . Choose a ball B so that Q CC B. Set Q + — B \ Q. Let 
a G ker(<9fc) nC^ q JbQ). By [8j, Lemma 9.3.5., there exist d- closed forms a + G C} Q JQ + ) C 
Wl Qtq) (n + ) and of" G C^iTi) C W^Q) such that 

(26) a = a + — oT on bQ 

(in the sense of traces of the coefficients, but also in the sense of restrictions of forms; i.e. 
the normal components of a + and a~ cancel each other out at points of bQ). Moreover 

(27) ll Q;+ llu' 1 /2(n+) ~ || a IU 2 (&n) 
and 

(28) 1 1 a~ 11^-1/2^) < ||a||r2(6n) • 

Estimates (|2"7|) and (1281) are from [8], Lemma 9.3.6. However, a comment is in order, as only 
( l28l) is explicit there, while the estimate for a + is given in terms of a <9-closed continuation 
of a + to all of B. On B, only the (— l/2)-norm of this continuation can be estimated. But 
this loss occurs across bQ, and so does not affect the estimate on Q + . (j2"7j) is implicit in [8]; 
we sketch the argument (which is the same as for a~). 

a + is of the form a + = (l/2)(Eka — Vk), where the notation is the same as in [8\. E^oi 
is an extension of a, based on an extension operator E for functions (i.e. the coefficients), 
modified so that dE^a vanishes to order k on bQ ([8], (9.3.12a) and (9.3.12b)). From the 
definition of E (|8J, (9.3.8)), it is easily checked that ||-Efett||iy 1 /2(Q+) < IMIl 2 (mt2)- Vk is 
obtained as the solution of a d problem on B. It has the form Vjj. = d N q+1 Uk, where £4 
is a (q + l)-form supported in the intersection Qj' of a thin tubular neighborhood Q$ of bQ 
with Q + (Qg is thin enough so that the usual tangential Sobolev norms make sense). Uk 
satisfies the estimate || f^/c || vk— 1 / 2 ( j b) ~ lll^fclllw-va^) ~ H a llL 2 (fen); the first inequality is dual 
to 1 1 \u\ | \w 1 / 2 (n s ) ~ w 1 / 2 (Q s )' ^ ne secon d is (9.3.15) in [8J. Because d N q+l locally gains 

1 /2 

a full derivative, we obtain that Vk is in WJ q ^ away from the outer boundary of Q + (i.e. 
the boundary of B). Near the outer boundary, (l/2)-estimates follow from the pseudo-local 
estimates for d N q+l near the boundary of B (taking Ht/fcUvv-va^) as the weak global term). 
Putting these estimates together gives that ||Vfc|| w n/2m+) < ||«||L 2 (6n); an d (127|) follows. 

Q + is not pseudoconvex, so da + = does not automatically imply that a + is in the range 
of d. That it is follows from [8J: a + has a enclosed extension to B, which is in the range of 
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d on B. By restriction, a + is in the range of d on Q + . Therefore, we have on Q + : 

(29) a + = W*Nfa + . 
Similarly, on Q, 

(30) oC = WN^oT . 

Note that both f3 + := d N^ + a + and f3~ := d N^a~ have vanishing normal component on b£l 
(as elements of dom(<9*)). We also use here that compactness of (from Proposition 13. II) 
and of N q (because bfl satisfies (P q )) lift to higher Sobolev norms (see [19], Theorems 2 and 
2', in particular the remark at the end of the proof of Theorem 2 (page 466)). In particular, 
(3 + and j3~ are in W 1 of the respective domains (since a + G C 1 (Q + ), a~ G C 1 (fi)), and so 
have traces on bQ. We obtain that on bfl 

(31) a = d b (3 + - d b p~ = d b ((3 + - /T) , 

where we also use (3 + and j3~ to denote the traces on the boundary. The elliptic theory for 
the (real) Laplacian ( see for example [22]) gives 

(32) \\(3 + \\ L2m < \\f3 + \\ LHbn+) < \\(3 + \\ w i, H n +) + ||A/3 + || w -i (n+) 

= \\d*N^ + a + \\ w i/2 (n+) + \\Ad*N^ + a + \\ w - Hn+) 

< \\d*N^ + a + \\ w i/2 in+) + \\a + \\ L 2 (n+) . 

Here A acts coefficientwise on forms. In the last estimate, we have used that \3 q also acts as 
A coefficientwise on forms (up to a constant factor). The corresponding estimate for (3~ is 

(33) ||/3~||L2(6fi) < \\d Nga~\\ w i/2 (n) + HaT^^) . 

Combining fl3Tl) with estimates fl32|) and fl33|) . we obtain for the canonical solution operator 
d* b G q . 

(34) \\d* b G q a\\ L 2 m < \\d*N^ + a + \\ w i/2 {n+) + \\a + \\ L 2 {n+) + \\d* N^a'\\ w i/2 {n) + \\a'\\ L 2 {n) . 

Both N? + and are compact (Q + satisfies the assumptions in Proposition [3TT]). Therefore, 
d*N q rt+ and d*N^ are compact in W^^(Ql + ) and W^JQ), respectively (again from [l9]).The 
embeddings W l/2 {VL + ) ^ L 2 {Ql + ) and W 1/2 (il) ^> L 2 (QL) are also compact. ([34]) was derived 
for a G C^ q) (b9). But C^ q) (btt) n ker(d b ) is dense in ker(d b ) ([.8], Lemma 9.3.8). In view 

of (J73) and J2BD, ([MD therefore implies that d 6 G 9 maps bounded sets in ker(<9 ft ) C L 2 Qq ^(b£l) 
into relatively compact sets in L 2 Qq l ^(bQ). In other words, d* b G q is compact on ker(9&), 
hence on L^ s (bQ) . 

We now consider d* b G q+ \. bVt also satisfies (-P 3 +i) (because (P q =>- (P q+ i)). Assume first 
that 2q < n — 2. Then also satisfies (P„_i_( g+ i)) = (P n -2- q ) (since q < {n — 2 — q)). 
Consequently, the previous case applies (with q replaced by (q+ 1)), and d* b G q+ i is compact. 
Since we may assume without loss of generality that q < (n — 1 — q), i.e. 2q < (n — 1), in 
proving Theorem II A\ the only case left to consider is 2q = (n — 1). We argue as follows. 
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(d b G q )*, the canonical solution operator to d b (as an operator from (0, g)-forms to (0, q — In- 
forms), is compact because d b G q is. Because q — 1 = n— 1 — (g+ 1), the symmetry discussed 
in section yields a compact solution operator for d b (as an operator from (0, g)-forms to 
(0, q+ l)-forms). Therefore, the canonical solution operator d* b G q+ \ is compact. 

The proof of Theorem 11.41 is complete. 



5. Appendix 



In the last step above, we need a version of Koenig's tilde operators that intertwines 
db and d b without the 0-th order error term that occurs in pTj. A reference for precisely 
the statement we need seems to be hard to pinpoint in the literature, and we give a brief 
discussion of a suitable construction. No originality is claimed. Let Q be a smooth bounded 
pseudoconvex domain in C n . For < q < {n — 1), define T q : Cj JbQ) — > Ci n _ 1 _ JbQ) via 



(35) 



(3 A a A dzi A • • • A dz n = ((3, T q a) C 2 



Ml 



(0,n-l-g) 



(ftf2) ) 



for all P G £f Q n -i-o)(^)- T q * s conjugate linear and continuous. 



(O.n-l-g) 1 

For q < (n - 2), a G C^ q) (bQ), and (3 G Cg n _ ff _ 2) (6fi) , we have 



(36) 



(f3,T q+1 d b a) C 2 on _ q _ 2){bn) 



(3 A dbd A cfei ■ • ■ A dz n 



bCl 



In the integral on the right hand side of ( 1361) . we can replace dbOt by <ia (the extra terms, 
when wedged with dz\ A • • • A dz n , vanish on bQ). Now integrate by parts to obtain 

(37) (-1)^-^(3, T q+1 B b aU 



Aba) 



(d b [3 } T q a) C 2 on _^ q)m 



'(0,n-2-<j) v 

Because C°°(bQ) is dense in dom(<9fc) in the graph norm (by Friedrichs' Lemma, see e.g. [8], 
Lemma D.l), (|37|) holds for a and f3 in dom.{d b ) of the respective form levels. It then follows 
that T q a G dom(<9 b ), and that 

(38) {-ly-^T^a = d* b T q a . 

We next compute T q in a special boundary chart. Let (3 = Y^MeT n -i- q Pm&m, u = 
Y.jai q u JUJ- Tri en (from (J35J)) 



(39) 



(/3,7» 



£ 

A/ei n _!_ 



(3m&m A itju; j A d^i A ■ ■ ■ A dz n . 



hi! 



Define the function h by lo\ A • • • A u; n _i A rf^i A • • • A rf^ n = hda on M7. Then ( |39j) gives 



(40) 



(P, T q U) 



= x n-l-q 
JSIq 
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i.e. 

(41) T g u = hJ2 4w-i)^^> 

jwei n _i_ 9 

JGZq 

where e% J . are the usual generalized Kronecker symbols. Then 

(42) T n ^ q T q a = hJ2 £ ((~-,n-i)W^U^ 

■J^n-l—q 

- \h\ 2 r MJ r JK TS~ Tl— 

M,KET q 

= \h\ 2 {-i) q{n ~ l - q) wi ^ = (-i)^- 1 -'^!^. 

Mei q 

Note that \h\ is a (nonzero) constant that is globally defined: uJfA- • • Aw n _i Acfei A - • -Adz n = 
auJi A • ■ • A u; n _i A Wi A • • • A o; n = a(const.)(*co> n ) = a(const.)da (when pulled back to bQ), 
with |a| = 1 and * the usual Hodge *-operator, see for example Lemma 3.3 and Corollary 
3.5 in chapter III of [25]. Thus (142]) provides T~ x with T^ 1 = (const.) T n _i_ q . In particular, 

T q is an isomorphism between the respective spaces. Moreover, ( 138]) gives ~ ||9 6 T g a|| 

and, when combined with the fact that T n -x- q T q a = (const.)a, also ||<9 b a|| ~ ||<9f,T 9 a||. 

Now let a e Im(8 b ) C £ 2 {Qq) {bQ). Then, by (J3HJ) , T q a G Im(9j), i.e. 

(43) T q a = d* b d b G n ^ q T q a . 
Set 7 = (-lf-^T^c^n-i-g^a. Then (from ([38])) 

(44) T 9 d b7 = (-l) n - l - q KT q -n = d* b d b G n ^ q T q a = T q a , 

that is, d b ^ = a. So if the canonical solution operator to d b , d b G n -i- q , is compact, we 
have produced a compact solution operator for d b at the symmetric level. Consequently, the 
canonical solution operator at this level, d b G q , is compact. 
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